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Abstract

Influential sets are sets of observations that have considerable impact on econo-
metric results. In this paper, we present a disciplined and insightful method for
assessing the sensitivity of regression-based inference to influential sets. We ex-
plore algorithmic approaches to identify influential sets, discuss interpretation,
and assess the sensitivity of earlier studies to these sets. We apply our method to
established results in development economics, and show that results are driven
by small influential sets. Identifying and analyzing these sets can reveal potential
omitted variable bias, unobserved heterogeneity, a lack of external validity, and
technical limitations of the methodological approach used.
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1 Introduction

Econometric methods are an important instrument of scientific discovery, and are vital
for the design of evidence-based policy. By approximating real-world phenomena, they
provide us with empirical insights, allow us to test theories, and facilitate prediction.
The sensitivity of these methods to modeling assumptions is a long-standing and active
subject of research. The econometric literature tends to focus on sensitivity along the
horizontal dimension of the data, which is related to the functional form of model
specifications. Examples go back to extreme bounds analysis (Leamer, 1983, 1985), and
include model averaging (Steel, 2020), elaborate research designs (Angrist and Pischke,
2010), and randomization (Athey and Imbens, 2017). The sensitivity of inference to
certain sets of observations, i.e., the vertical dimension of the data, however, has received
less attention in the modern econometric literature.

In this paper, we investigate the sensitivity of regression-based results to influential
sets of observations. It is well-known that individual influential observations can drive
the results of regression analysis (Cook, 1979). Influential sets may be substantially
more impactful, but have not received much attention in the literature due to their
inherent computational complexity. The empirical and theoretical analysis of these
sets is intractable in most of the relevant cases, and approximate methods need to be
used to identify them and assess their impact. Approximations, however, are prone to
underestimate the impacts of influential sets due to two phenomena — joint influence
and masking. Consider, for instance, the influence of sets of observations on the positive
slope of the regression line presented in Figure 1. The three observations on the top
right, marked ‘a’, are clearly influential, especially when considered as a set (see the top
right panel). After removing them, the positive slope is driven by the observations on
the center right, marked ‘b’. This influential set, however, is masked — we only uncover
its influence after accounting for set ‘a’ (see the bottom panels of Figure 1). These two
phenomena affect the precision and accuracy of approximate methods for assessing
influential sets of observations.

The main contribution of this paper is a disciplined and insightful method to analyze
influential sets in linear regression models, and to assess the sensitivity of inferential
results to them. We focus on sets that are influential with respect to a particular quantity
of interest, such as the size or significance of a coefficient. This way, we narrow down
candidate sets to ones that (1) are immediately relevant to the question at hand, (2)
allow for insightful interpretation, and (3) can be identified reliably. Our sensitivity
check works by first identifying influential sets that overturn specific inferential results
of interest, such as a positive sign or a significance threshold. Then, we analyze the
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�U�I�B�O �G�P�S �P�S�E�J�O�B�S�Z �M�F�B�T�U �T�R�V�B�S�F�T�
 �F�W�F�O �X�J�U�I �T�U�S�P�O�H �J�O�T�U�S�V�N�F�O�U�T�� �5�I�J�T �S�F�T�V�M�U �D�P�N�Q�M�F��
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 �X�I�P �E�P�D�V�N�F�O�U�T �I�J�H�I �T�V�T�D�F�Q�U�J�C�J�M�J�U�Z �P�G �J�O�T�U�S�V�N�F�O�U�B�M

�W�B�S�J�B�C�M�F �S�F�H�S�F�T�T�J�P�O �U�P �M�F�W�F�S�B�H�F�� �*�O �B�E�E�J�U�J�P�O�
 �X�F �E�P�D�V�N�F�O�U �U�I�B�U �Q�P�W�F�S�U�Z �D�P�O�W�F�S�H�F�O�D�F

�B�D�S�P�T�T �D�P�V�O�U�S�J�F�T �J�T �O�P�U �Q�B�S�U�J�D�V�M�B�S�M�Z �T�F�O�T�J�U�J�W�F �U�P �J�O�b�V�F�O�U�J�B�M �T�F�U�T �P�G �P�C�T�F�S�W�B�U�J�P�O�T �	�T�F�F �U�I�F
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�5�I�F �S�F�N�B�J�O�E�F�S �P�G �U�I�J�T �Q�B�Q�F�S �J�T �T�U�S�V�D�U�V�S�F�E �B�T �G�P�M�M�P�X�T�� �*�O �4�F�D�U�J�P�O���
 �X�F �F�T�U�B�C�M�J�T�I �U�I�F

�U�I�F�P�S�F�U�J�D�B�M �G�S�B�N�F�X�P�S�L�� �8�F �Q�S�F�T�F�O�U �B�O�E �J�M�M�V�T�U�S�B�U�F �U�I�F �B�M�H�P�S�J�U�I�N�J�D �B�Q�Q�S�P�B�D�I�F�T �U�P �J�E�F�O�U�J�G�Z

�B�O�E �B�T�T�F�T�T �J�O�b�V�F�O�U�J�B�M �T�F�U�T �J�O �4�F�D�U�J�P�O���� �*�O �4�F�D�U�J�P�O���
 �X�F �E�F�N�P�O�T�U�S�B�U�F �U�I�F �B�O�B�M�Z�T�J�T �P�G

�J�O�b�V�F�O�U�J�B�M �T�F�U�T �C�Z �S�F�W�J�T�J�U�J�O�H �F�T�U�B�C�M�J�T�I�F�E �F�N�Q�J�S�J�D�B�M �S�F�T�V�M�U�T �P�O �M�P�O�H���U�F�S�N �E�F�W�F�M�P�Q�N�F�O�U�� �8�F

�E�J�T�D�V�T�T �U�I�F �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �P�G �T�F�O�T�J�U�J�W�J�U�Z �U�P �J�O�b�V�F�O�U�J�B�M �T�F�U�T�
 �B�O�E �J�M�M�V�T�U�S�B�U�F �X�J�U�I �B�E�E�J�U�J�P�O�B�M

�B�Q�Q�M�J�F�E �F�Y�B�N�Q�M�F�T �J�O �4�F�D�U�J�P�O���� �*�O �4�F�D�U�J�P�O���
 �X�F �D�P�O�D�M�V�E�F�� �"�M�M �D�P�E�F�T �B�O�E �E�B�U�B �V�T�F�E �G�P�S

�U�I�J�T �Q�B�Q�F�S �B�S�F �B�W�B�J�M�B�C�M�F �P�O�M�J�O�F�
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 �E�B�U�B�
 �B�O�E

�B�O�3 �Q�B�D�L�B�H�F �X�J�U�I �U�I�F �B�Q�Q�S�P�B�D�I�F�T �E�F�T�D�S�J�C�F�E �J�O �U�I�F �Q�B�Q�F�S �	�T�F�F �"�Q�Q�F�O�E�J�Y�" �G�P�S �N�P�S�F �J�O�G�P�S�N�B�U�J�P�O�
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�� �5�I�F�P�S�F�U�J�D�B�M �G�S�B�N�F�X�P�S�L

�8�F �T�U�B�S�U �C�Z �Q�S�P�W�J�E�J�O�H �U�I�F �B�O�B�M�Z�U�J�D�B�M �G�S�B�N�F�X�P�S�L �V�Q�P�O �X�I�J�D�I �X�F �C�V�J�M�E �P�V�S �J�O�b�V�F�O�U�J�B�M

�T�F�U �J�E�F�O�U�J�a�D�B�U�J�P�O �B�M�H�P�S�J�U�I�N�T�� �8�F �E�F�a�O�F �J�O�b�V�F�O�U�J�B�M �T�F�U�T�
 �K�P�J�O�U�M�Z �J�O�b�V�F�O�U�J�B�M �T�F�U�T �B�O�E

�N�B�T�L�J�O�H �J�O �U�I�J�T �T�F�U�U�J�O�H�
 �B�O�E �Q�S�P�W�J�E�F �U�I�F �M�J�O�L �U�P �Q�P�Q�V�M�B�S �N�F�B�T�V�S�F�T �P�G �J�O�b�V�F�O�D�F �C�B�T�F�E �P�O

�J�O�b�V�F�O�U�J�B�M �T�F�U�T �P�G �T�J�O�H�M�F �P�C�T�F�S�W�B�U�J�P�O�T��

������ �*�O�b�V�F�O�U�J�B�M �T�F�U�T

�$�P�O�T�J�E�F�S �U�I�F �M�J�O�F�B�S �S�F�H�S�F�T�T�J�P�O �N�P�E�F�M

�Z= �9� + " ; �	���


�X�I�F�S�F�Z�J�T �B�ON � 1 �W�F�D�U�P�S �D�P�O�U�B�J�O�J�O�H �P�C�T�F�S�W�B�U�J�P�O�T �P�G �U�I�F �E�F�Q�F�O�E�F�O�U �W�B�S�J�B�C�M�F�
�9 �J�T

�B�ON � P �N�B�U�S�J�Y �X�J�U�IP �F�Y�Q�M�B�O�B�U�P�S�Z �W�B�S�J�B�C�M�F�T�
� �J�T �BP � 1 �W�F�D�U�P�S �P�G �D�P�F�ë�D�J�F�O�U�T �U�P

�C�F �F�T�U�J�N�B�U�F�E�
 �B�O�E" �J�T �B�ON � 1 �W�F�D�U�P�S �P�G �F�S�S�P�S �U�F�S�N�T �X�J�U�I �[�F�S�P �N�F�B�O �B�O�E �V�O�L�O�P�X�O

�D�P�W�B�S�J�B�O�D�F �N�B�U�S�J�Y� �� �8�F �E�F�O�P�U�F �U�I�Fi �U�I �P�C�T�F�S�W�B�U�J�P�O �	�S�P�X�
 �P�G�Z�B�O�E�9 �B�Tyi �B�O�Ex i �� �5�I�F

�E�F�M�F�U�J�P�O �P�G �B�O �P�C�T�F�S�W�B�U�J�P�Oj �J�T �J�O�E�J�D�B�U�F�E �X�J�U�I �B �T�V�C�T�D�S�J�Q�U �J�O �Q�B�S�F�O�U�I�F�T�F�T�
 �U�I�B�U �J�T�
�Z(j ) �J�T

�U�I�F �E�F�Q�F�O�E�F�O�U �W�F�D�U�P�S �X�J�U�I�P�V�U �P�C�T�F�S�W�B�U�J�P�Oj ��

�" �T�F�U �P�G �P�C�T�F�S�W�B�U�J�P�O�T�
S�
 �J�T �E�F�a�O�F�E �B�T �B �O�P�O���F�N�Q�U�Z �T�V�C�T�F�U �P�G �U�I�F �T�F�U �P�G �B�M�M �P�C�T�F�S�W�B�U�J�P�O�T�


�J���F���
S � ~S = f sjs 2 Z \ [1; N ]g�� �8�F �V�T�F �U�I�F �T�I�P�S�U�I�B�O�EN � = dN� e �U�P �E�F�O�P�U�F �B �G�S�B�D�U�J�P�O

� 2 [0; 1] �P�G �U�I�F �E�B�U�B�
 �B�O�E �J�O�E�J�D�B�U�F �U�I�F �D�B�S�E�J�O�B�M�J�U�Z �P�G �B �T�F�U �V�T�J�O�H �B �T�V�C�T�D�S�J�Q�U�
 �J���F���
jS� j = N � ��

�5�I�F �F�N�Q�U�Z �T�F�U �J�T �E�F�O�P�U�F�E �C�Z? �B�O�E �U�I�F �T�F�U �P�G �B�M�M �T�F�U�T �P�G �D�B�S�E�J�O�B�M�J�U�ZN � �C�Z[S]� ��

�8�F �B�S�F �J�O�U�F�S�F�T�U�F�E �J�O �U�I�F �J�N�Q�B�D�U �P�G �S�F�N�P�W�J�O�H �J�O�b�V�F�O�U�J�B�M �T�F�U�T �P�G �P�C�T�F�S�W�B�U�J�P�O�T �P�O� �


�T�P�N�F �R�V�B�O�U�J�U�Z �P�G �J�O�U�F�S�F�T�U �U�P �U�I�F �F�D�P�O�P�N�F�U�S�J�D�J�B�O�� �" �T�F�U �P�G �P�C�T�F�S�W�B�U�J�P�O�T �J�T �B�O�J�O�b�V�F�O�U�J�B�M �T�F�U�


�J�G �J�U�T �P�N�J�T�T�J�P�O �I�B�T �B �M�B�S�H�F �J�N�Q�B�D�U �P�O� �
 �X�I�F�O �D�P�N�Q�B�S�F�E �U�P �N�P�T�U �P�U�I�F�S �T�F�U�T �P�G �F�R�V�B�M �T�J�[�F��

�5�I�F �J�N�Q�B�D�U �P�G �S�F�N�P�W�J�O�H �B �T�F�U �J�T �N�F�B�T�V�S�F�E �X�J�U�I �T�P�N�F �	�H�F�O�F�S�B�M�J�[�F�E�
 �J�O�b�V�F�O�D�F �G�V�O�D�U�J�P�O

� �P�G� �B�O�E �P�G �U�I�F �T�F�U�T�
S �B�O�ET �U�I�B�U �B�S�F �D�P�N�Q�B�S�F�E�� �*�O �P�V�S �F�Y�B�N�Q�M�F �G�S�P�N�'�J�H�V�S�F ���
 �G�P�S

�J�O�T�U�B�O�D�F�
 �X�F �X�F�S�F �J�O�U�F�S�F�T�U�F�E �J�O �I�P�X �U�I�F �P�N�J�T�T�J�P�O �P�G �T�F�U�T �P�G �P�C�T�F�S�W�B�U�J�P�O�T �S�F�E�V�D�F�T �U�I�F

�Q�P�T�J�U�J�W�F �F�T�U�J�N�B�U�F �P�G �U�I�F �T�M�P�Q�F �D�P�F�ë�D�J�F�O�U�� �'�P�S �U�I�J�T �Q�V�S�Q�P�T�F�
 �X�F �D�B�O �T�F�U

� (S) =
�
�90

(S) �9(S)

� � 1
�90

(S) �Z(S) ; �	���


�( S; ? ; � ) = � �T�J�H�O(� (? )) � � (S); �	���


�X�I�F�S�F �X�F �X�J�M�M �T�V�Q�Q�S�F�T�T �U�I�F �E�F�Q�F�O�E�F�O�D�F �P�O� �B�O�E �U�I�F �E�F�G�B�V�M�U �W�B�M�V�FT = ? �
 �B�O�E �V�T�F �U�I�F

�T�I�P�S�U�I�B�O�E� (S) = � (S) �G�P�S �T�J�N�Q�M�J�D�J�U�Z��
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 �X�F �G�P�D�V�T �P�O �U�I�F�N�J�O�J�N�B�M �J�O�b�V�F�O�U�J�B�M �T�F�U�
 �X�I�J�D�I

�X�F �E�F�a�O�F �B�T �U�I�F �T�N�B�M�M�F�T�U �T�F�U �X�I�P�T�F �P�N�J�T�T�J�P�O �B�D�I�J�F�W�F�T �B �T�F�M�F�D�U �U�B�S�H�F�U �J�N�Q�B�D�U �P�O� �� �8�F

�G�P�S�N�B�M�J�[�F �U�I�J�T �T�F�U �C�Z �a�S�T�U �E�F�a�O�J�O�H �U�I�F�N�B�Y�J�N�B�M�M�Z �J�O�b�V�F�O�U�J�B�M �T�F�U�
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� �
 �X�I�J�D�I �B�D�I�J�F�W�F�T �U�I�F
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�,�V�T�D�I�O�J�H�
 �;�F�O�T�
 �� �$�S�F�T�Q�P �$�V�B�S�F�T�N�B

�N�B�Y�J�N�B�M �J�O�b�V�F�O�D�F �G�P�S �B �H�J�W�F�O �T�J�[�F �P�G �U�I�F �P�N�J�U�U�F�E �T�F�U�
 �B�T

S�
� = �B�S�H �N�B�Y

S2[S]�
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�8�F �D�B�O �U�I�F�O �G�P�S�N�B�M�M�Z �E�F�a�O�F �U�I�F �N�J�O�J�N�B�M �J�O�b�V�F�O�U�J�B�M �T�F�U�
S�� �
 �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F

�U�B�S�H�F�U �J�N�Q�B�D�U �P�G �D�I�P�J�D�F�
� � �
 �B�T �G�P�M�M�P�X�T

S�� = S�
�B�S�H �N�J�O�

�T���U���( S�
� ) � � � : �	���


�0�O�F �S�F�M�F�W�B�O�U �F�Y�B�N�Q�M�F �J�T �U�I�F �N�J�O�J�N�B�M �J�O�b�V�F�O�U�J�B�M �T�F�U �U�I�B�U �B�D�I�J�F�W�F�T �T�J�H�O �T�X�J�U�D�I �P�G �U�I�F

�T�M�P�Q�F �J�O�'�J�H�V�S�F ���
 �X�I�J�D�I �D�B�O �C�F �B�D�I�J�F�W�F�E �C�Z �T�F�U�U�J�O�H� � = 0��
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�D�P�T�U�
 �U�I�F �B�M�H�P�S�J�U�I�N �G�P�M�M�P�X�T �B �C�J�O�B�S�Z �T�F�B�S�D�I �Q�B�U�U�F�S�O �X�I�F�O �Q�S�P�Q�P�T�J�O�H �T�F�U�T��

�"�M�H�P�S�J�U�I�N �����*�O�J�U�J�B�M �T�F�B�S�D�I��

�T�F�U �U�I�F �G�V�O�D�U�J�P�O� �
 �U�I�F �U�B�S�H�F�U� � �
 �B�O�E �U�I�F �N�B�Y�J�N�V�N �T�J�[�FU�
 �M�F�UL  0��

�D�P�N�Q�V�U�F� i = �( f ig) �G�P�S �B�M�Mi 2 ~S��

�X�I�J�M�FL � U �E�P

�M�F�UM  b (L + U)/2 c��

�M�F�US �C�F �U�I�F �V�O�J�P�O �P�G �U�I�F �J�O�E�J�D�F�T �P�G �U�I�FM �M�B�S�H�F�T�U� i ��

�D�P�N�Q�V�U�F�( S)��

�J�G�( S) < � � �U�I�F�O�M�F�UL  M + 1��
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�F�O�E
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�"�M�H�P�S�J�U�I�N�� �X�P�S�L�T �C�Z �J�U�F�S�B�U�J�W�F�M�Z �T�F�U�U�J�O�H �U�I�F �T�J�[�F �P�G �Q�S�P�Q�P�T�F�E �T�F�U�T�
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 �M�F�US  ? ��

�X�I�J�M�F�( S) < � � �E�P
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 �G�P�S �B�M�Mj 2 ~S � S ��

�M�F�US  S [ �B�S�H �N�B�Yj �( S [ j )��
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�� �5�I�J�T �J�T �S�F�Q�F�B�U�F�E �V�O�U�J�M �B �N�J�O�J�N�B�M �J�O�b�V�F�O�U�J�B�M �T�F�U �J�T �G�P�V�O�E�
 �P�S �U�I�F �N�B�Y�J�N�B�M �T�J�[�F
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�X�F�M�M �T�I�P�S�U �P�G�
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�S�F�M�J�B�C�M�Z �J�O�W�F�T�U�J�H�B�U�F �T�F�O�T�J�U�J�W�J�U�Z �U�P �J�O�b�V�F�O�U�J�B�M �T�F�U�T��
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�5�I�F �B�M�H�P�S�J�U�I�N�T �Q�S�F�T�F�O�U�F�E �B�C�P�W�F �B�S�F �D�P�N�Q�V�U�B�U�J�P�O�B�M�M�Z �T�U�S�B�J�H�I�U�G�P�S�X�B�S�E�
 �X�J�U�I �D�P�N�Q�M�F�Y�J�U�J�F�T

�U�I�B�U �B�S�F �D�P�O�T�U�B�O�U�
 �M�P�H�B�S�J�U�I�N�J�D�
 �B�O�E �M�J�O�F�B�S �J�O �U�I�F �T�J�[�F �P�G �U�I�F �N�J�O�J�N�B�M �J�O�b�V�F�O�U�J�B�M �T�F�U�� �*�O �P�V�S
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